Abstract. We study connected, locally compact metric spaces with transitive isometry groups. For all ε ∈ R + , each such space is (1, ε)-quasi-isometric to a Lie group equipped with a left-invariant metric. Further, every metric Lie group is (1, C)-quasi-isometric to a solvable Lie group, and every simply connected metric Lie group is (1, C)-quasi-isometrically homeomorphic to a solvable-bycompact metric Lie group. While any contractible Lie group may be made isometric to a solvable group, only those that are solvable and of type (R) may be made isometric to a nilpotent Lie group, in which case the nilpotent group is the nilshadow of the group. Finally, we give a complete metric characterisation of metric Lie groups for which there exists an automorphic dilation. These coincide with the metric spaces that are locally compact, connected, homogeneous, and admit a metric dilation.
1. Introduction 1.1. Overview. This paper presents some links between Lie theory and metric geometry. We study connected locally compact metric spaces with transitive isometry groups. Prototypical examples are Lie groups equipped with a left-invariant metrics. We assume that distance functions are compatible with the topology but not that they are Riemannian, or even geodesic. This permits us to consider a very broad setting including sub-Riemannian groups and their subgroups, as well as homogeneous groups in the sense of Folland and Stein. Nilpotent and solvable Lie groups play a special role in our analysis. We recall a number of developments that underlie our work.
First, in the 1960s, Harish-Chandra, Helgason, and many others developed the theory of semisimple Lie groups and Riemannian symmetric spaces; see [28] for an overview of the geometric aspects of this work. Then Milnor [43] , Wolf [59] , Gordon and Wilson [23, 24] , and Wilson [58] , amongst others, made important contributions to the theory of Riemannian Lie groups. In a parallel development, following Hörmander [29] , in the 1970s Folland and Stein [21] and Rothschild and Stein [50] showed that nilpotent Lie groups are good model spaces for the study of subelliptic operators much as Euclidean space is a model for the study of elliptic operators. These operators lead naturally to distance functions on the group that are not Riemannian. They may be Carnot-Carathéodory distance functions, or be given by homogeneous norms, which in general are not geodesic. For more on analysis on nilpotent groups and on groups of polynomial growth, we refer to the monographs of Dungey, ter Elst and Robinson [18] , of Corwin and Greenleaf [16] and of Goodman [22] . At about the same time, Gromov [25] combined abstract metric space ideas with group theory to prove his celebrated theorem that finitely generated groups of polynomial growth are virtually nilpotent. This is the discrete version of the Lie group theorem proved by Guivarc'h [26] and Jenkins [32] . Subsequently, Pansu shed light on the growth of nilpotent groups by showing that the asymptotic cones of nilpotent groups are Carnot groups [47] . Further, analysis on Carnot groups was used in complex geometry, to study CR manifolds by Korányi and Reimann [36] , and to reprove some of Mostow's rigidity results by Pansu [48] . Finally, many authors, including Bellaïche [4] , Hamenstädt [27] , Montgomery [45] , and Strichartz [53] , developed the links between sub-Riemannian geometry on Lie groups and nonholonomic mechanics.
Today, the study of Lie groups equipped with general metrics is a thriving field of research, as evidenced by the work of Breuillard [7] , Cornulier [17] , Cornulier and de la Harpe [14] , Cornulier and Tessera [15] , Pauls [49] , Stoll [52] , and Tessera [56] . The connections with analysis on metric spaces and sub-Riemannian geometry became stronger after the work of Cheeger and Kleiner [10, 11] and Lee and Naor [42] . There are also developments in geometric measure theory on homogeneous groups; see, for example, Le Donne and Rigot [38, 39] .
In this paper, we prove that Lie groups are models for connected locally compact homogeneous metric spaces up to quasi-isometry. More precisely, in Theorem 1.1, we show that for all ε ∈ R + , each such space is (1, ε)-quasi-isometric to a Lie group equipped with left-invariant metric, and hence that any homogenous metric space is (1, C)-quasiisometric to a solvable Lie group. In Theorem 1.2, we prove that every simply connected metric Lie group is (1, C)-quasi-isometrically homeomorphic to a solvable-by-compact metric Lie group. We observe that any contractible Lie group may be made isometric to a solvable group (Remark 3.10). However, in Theorem 1.3, we see that only those that are solvable and of type (R) may be made isometric to a nilpotent Lie group, in which case the nilpotent group is the nilshadow of the group, in the sense of Auslander and Green [2] . Finally, we give a complete metric characterisation of those metric Lie groups that admit an automorphic dilation: according to Theorem 1.4, these coincide with the metric spaces that are connected, locally compact and homogeneous and admit a metric dilation.
Statements of the results.
In this paper, metric spaces are always assumed to be connected and locally compact, unless explicitly stated otherwise. Some of our results may be proved in greater generality, but this assumption will save space. The main additional assumption is that the isometry group acts transitively, in which case we talk of a homogeneous metric space. The prototypical examples are connected locally compact groups with left-invariant metrics, such as Riemannian and sub-Riemannian Lie groups. Starting with these, one may obtain new examples by considering ℓ p products, passing to subgroups, and composing the distance function with concave functions, as in the snowflake construction. We consider locally compact groups and Lie groups equipped with admissible left-invariant distance functions, which we call metric groups and metric Lie groups; by admissible we mean that the distance function induces the manifold topology. We stress that we do not restrict to quasigeodesic nor proper spaces.
Using the Gleason-Yamabe-Montgomery-Zippin structure theory of locally compact groups (see [55] ), we reduce the study of homogeneous metric spaces to the study of metric Lie groups, up to quasi-isometry. Moreover, using the Levi decomposition and Iwasawa decompositions, we reduce further to the consideration of simply connected solvable groups. Before we state our main results, we state our convention on constants: these are always nonnegative real numbers, possibly with additional restrictions, and may vary from one occurrence to the next. These are often denoted by C, L, Q or ε; we do not specify that these letters denote constants when they occur. As usual, we use ε for a positive constant that may be chosen to be arbitrarily small. Theorem 1.1. Let M be a homogeneous metric space. Then M is (a) (1, ε)-quasi-isometric to a connected metric Lie group, and (b) (1, C)-quasi-isometric to a simply connected solvable metric Lie group.
Part (a) of this theorem is related to the following result of Montgomery and Zippin [44, p. 243 ]: a homogeneous space that is locally compact, locally connected and has finite topological dimension may be identified with a quotient of a Lie group by a compact subgroup. Part (b) is known for geodesic distance functions; see for example [7, Proposition 1.3] .
One of our aims is to study the following relation between metric groups. Given two topological groups G and H, we say that G may be made isometric to H if there exist admissible left-invariant distance functions d G and d H such that the metric spaces (G, d G ) and (H, d H ) are isometric. Moreover, if G is already a metric group, then we may impose the extra condition that the new distance function is (1, C)-quasi-isometric to the initial one; in this case, the Gromov-Hausdorff distance of the new metric space from the original one is bounded.
As a consequence of our next theorem, every simply connected Lie group may be made isometric to a direct product of a solvable and a compact Lie group. In this theorem, S and K are constructed explicitly: if R is the radical of G, L is a Levi subgroup of G, and K 1 AN is the Iwasawa decomposition of L, then we may decompose K 1 as V × K, where V is a vector group and K is compact; we take S to be (R ⋊ AN) × V .
The theorem still holds if we assume that R ∩ L is trivial instead of assuming that G is simply connected. This is the case if G is semisimple; see Corollary 3.9 and Corollary 3.11.
The next step in our analysis is to consider metric Lie groups of polynomial volume growth. A compactly generated locally compact group G, with Haar measure µ, is said to be of polynomial growth if there is a compact generating neighbourhood U of the identity in G
We recall that a Lie group is of polynomial growth if and only if its Lie algebra is of type (R); see [26, 31] . It is known that groups of polynomial growth with quasigeodesic distance functions are quasi-isometric to nilpotent groups; see [7] . We generalise this to quasigeodesic homogeneous spaces in Corollary 4.17. It is not clear whether this generalisation holds for all admissible metrics.
We refine Theorem 1.2, and study when a Lie group may be made isometric to a nilpotent group. This question is tackled in Section 4.4; the main tools are the modifications of Gordon and Wilson [24] . Theorem 1.3. Let H and N be connected simply connected Lie groups and assume that N is nilpotent. The following are equivalent:
(i) H may be made isometric to the nilpotent group N; (ii) H is a modification of N; (iii) H is solvable and of polynomial growth, and N is its nilshadow.
The nilshadow of a Lie group is uniquely defined up to isomorphism; see Section 4.3 for the definition following [18] . Hence for every solvable simply connected Lie group G of polynomial growth, there exists exactly one nilpotent Lie group N, its nilshadow, with the property that G and N are isometric when these groups are appropriately metrised.
It is easy to construct groups that are not nilpotent but may be made isometric to nilpotent groups. For example, take a nilpotent group N with a one-parameter isometry group of automorphisms, such as a Euclidean space, a generalised Heisenberg group, or a free nilpotent Lie group. Then R acts by isometries on N, and the direct product N × R is a nilpotent group isometric to the semidirect product N ⋊ R, which is not nilpotent. Moreover, N × R is a Carnot group when N is a Carnot group.
Further, if H admits a quasigeodesic distance function d making it isometric to (N 1 , d 1 ) and another quasigeodesic distance function d ′ making it isometric to (N 2 , d 2 ), then necessarily (N 1 , d 1 ) and (N 2 , d 2 ) are quasi-isometric. However, the classification of nilpotent groups up to quasi-isometry is an important unsolved problem. Still, our theorem implies that N 1 and N 2 are isomorphic.
Parts of Theorem 1.3 were proved by Breuillard [7] and Gordon and Wilson [24] , see also [12] ; however our proof is different and more direct.
A map δ : X → Y between metric spaces is called a metric dilation if δ is bijective and d(δ(x), δ(x ′ )) = λd(x, x ′ ) for all x, x ′ ∈ X, for some λ ∈ (1, ∞), and a self-similar group is a metric group (G, d) that admits a map δ : G → G that is both a metric dilation and an automorphism. Finite dimensional normed spaces and Carnot groups are self-similar groups; the homogeneous groups of Folland and Stein [21] , equipped with Hebisch-Sikora distance functions [39] , are more general examples. Theorem 1.4. If a metric space is locally compact, connected, isometrically homogeneous, and it admits a metric dilation, then it is isometric to self-similar Lie group. Moreover, all metric dilations of a self-similar Lie group are automorphisms.
As a consequence of [51, Proposition 2.2] and [34] , if a metric space M is isometric to a self-similar Lie group (G, d ′ ), then G is a gradable, connected simply connected nilpotent Lie group isomorphic to the nilradical of Iso(M). However, M may also be isometric to a Lie group that is not nilpotent. As discussed after Theorem 1.3, there are metric groups that are not nilpotent but which are isometric to self-similar metric Lie groups; it follows from Theorem 1.4 that if M is a metric Lie group and δ is a metric dilation, then δ is an automorphism if and only if M is nilpotent. Theorem 1.4 generalises a result of [40] , where it is shown that a space is a sub-Finsler Carnot group if and only if the conditions in Theorem 1.4 hold and moreover the distance function is geodesic.
The scheme of the proof of Theorem 1.4 is the following. We show that a metric space satisfying the hypotheses of the theorem is doubling. Then we show that its isometry group G is a Lie group of polynomial growth, whence every Levi subgroup of G is compact. However, the metric space is contractible, so the stabiliser K of a point is a maximal compact subgroup containing a Levi subgroup. This allows us to find a subgroup S of G that is transverse to K: namely, the orthogonal complement of K with respect to the Killing form. This subgroup S induces the group structure on the metric space.
To link the doubling property of a metric space with the polynomial growth of its isometry group, we introduce a notion of polynomial growth for homogeneous metric spaces. Consider a Radon measure m on a homogeneous metric space M that is invariant under isometries, which exists and is unique up to a multiplicative constant. We say that M is of polynomial growth if for one point, and hence for all points o ∈ M,
for all sufficiently large r. At this point, for a metric Lie group we have two notions of polynomial growth, which in general are not equivalent. For instance, R is a group of polynomial growth, but if we define the metric d on R by Polynomial growth is often linked with the property of being doubling at large scale. We observe that these two notions are not equivalent in our setting. More precisely, if a metric space M is doubling at large scale, it may fail to be of polynomial growth; for instance, the space R with the distance function d given by d(x, y) = min{|x − y|, 1} is trivially doubling at large scale, but is evidently not of polynomial growth. However, if M is doubling at large scale and proper, then it is of polynomial growth; see Remark 2.18. Conversely, if M is of polynomial growth, then it is proper, but it does not need to be doubling at large scale; see Remarks 2.19 and 2.20. Finally, if M is proper and quasigeodesic, then it is of polynomial growth if and only if it is doubling at large scale; see, for instance, [13] . This paradoxical behaviour reflects the fact that polynomial growth and properness are not quasi-isometric invariants.
1.3. Structure of the paper. This paper is organised as follows. Section 2 contains several useful preliminary results. In particular, in Section 2.2, we consider homogeneous metric spaces, and in Section 2.3, we discuss contractibility in locally compact groups. In Section 2.4, we establish some Lie theory, and in Section 2.5, we deal with polynomial growth. While some of the results in Section 2 may be familiar to the expert, we decided to include proofs if we could not find an explicit proof in the literature or if we could give an easier one. In Section 3, we prove Theorems 1.1 and 1.2 and consider some of their consequences. Section 4 contains the proof of Theorem 1.3. In particular, we establish the preliminary results on modifications and nilshadows that are important for this proof in Sections 4.2 and 4.3. In Section 4.5, we prove a stronger version of Theorem 1.2 for homogeneous spaces of polynomial growth and quasigeodesic distance functions. In Section 5, we prove Theorem 1.4.
Preliminaries
In this section, we recall some more or less familiar facts. First, we discuss homogeneous metric spaces, then contractibility. Third, we bring in some Lie theory, and finally, we discuss polynomial growth. 
for all x, y ∈ M 1 , and for every z ∈ M 2 there is x ∈ M 1 such that
If such a function exists between two metric spaces, then we say that they are (L, C)-quasi-isometric. We denote by e G , or more simply e, the identity element of a group G. We denote the Lie algebra of a Lie group G by the corresponding fraktur letter g or by Lie(G).
Homogeneous metric spaces.
We define an isometry of a metric space (M, d) to be a surjective map f on M such that
We denote by Iso(M, d) the group of all isometries of (M, d), where the group law is composition. A metric space (M, d) is said to be homogeneous if its isometry group acts transitively. We recall our convention that metric spaces are connected and locally compact unless explicitly stated. We prove that Iso(M, d) is a topological group (Lemma 2.1), that is metrisable (Proposition 2.7), locally compact and σ-compact (Proposition 2.11), and whose identity component acts transitively (Proposition 2.13) with compact stabiliser (Lemma 2.9). The main result of this section, Proposition 2.7, is that, for every ε > 0, Iso(M, d) may be metrised so that the identity component is (1, ε)-quasi-isometric to (M, d).
Lemma 2.1. Let (M, d) be a metric space, not necessarily connected or locally compact. The group Iso(M, d), endowed with the topology of pointwise convergence, is a topological group, and its action on M is a topological action.
Proof. First, we show that the map (f,
that is, the net {f
M is jointly continuous. Let {f ν } ν∈N and {p ν } ν∈N be nets in Iso(M, d) and M that converge to f and p. Then To pass from local to global statements, we introduce the following notation. For ℓ ∈ R + and a subset A of M, define the sets V n (A, ℓ) by iteration on n ∈ N: first, V 0 (A, ℓ) := A, and then
when n ∈ Z + . We usually write V n (p, ℓ) rather than V n ({p}, ℓ).
Lemma 2.3. Let A be a nonempty subset of a homogeneous metric
Proof. It is easy to see that n∈N V n (p, ℓ) is a nonempty open and closed set in M, so it coincides with the connected set M.
Since (M, d) is homogeneous, all closed balls with the same radius are homeomorphic. Take ℓ ∈ R + such that the closed balls of radius 2ℓ are compact, and a nonempty compact subset A of M. We prove by induction that V n (A, ℓ) is compact for all n ∈ N. By definition, V 0 (A, ℓ) is compact. Further, if V n (A, ℓ) is compact, then there are finitely many balls B(x i , ℓ) such that V n (A, ℓ) ⊆ i B(x i , ℓ); it follows that V n+1 (A, ℓ) is contained in the finite union of compact balls iB (x i , 2ℓ), and hence is compact. Proof. Take a distance-preserving map f on M; we must show that f is surjective. By homogeneity, we may assume without loss of generality that f fixes a point o. Take ℓ ∈ R + such that the sets V n (o, ℓ) are compact, as in Lemma 2.3. Now f is a distance-preserving map from V n (o, ℓ) into V n (o, ℓ) for all n ∈ N. By [9, Theorem 1.6.14], a distance-preserving map from a compact metric space into itself is surjective. Hence f (V n (o, ℓ)) = V n (o, ℓ) for all n ∈ N. By Lemma 2.3, f is surjective. Finally, if f is the pointwise limit of a net of isometries, then f is distance-preserving, and hence an isometry. Thus Iso(M, d) is closed in the space of all functions on M.
The hypothesis of homogeneity is important: the set R + with the metric d given by d(x, y) = |x − y| is not homogeneous, and the map x → x + 1 is distance-preserving but not surjective.
To metrise the isometry group, we introduce more terminology. 
a subset A of M is precompact if and only if sup p∈A ρ(p) < ∞.
Remark 2.6. Every homogeneous metric space admits a Busemann gauge, for instance,
where ℓ is such that V n (o, ℓ) is compact for all n ∈ N, as in Lemma 2.3.
then A is precompact. Conversely, if A ⊆ M, thenĀ may be covered by the sets V n (o, ℓ) as n increases; notice that the interior of 
is an admissible left-invariant distance function on G and the map 
for all p ∈ M, and hence g ν converges to g pointwise, and so in G.
On the other hand, if g ν → g in G, then the convergence is uniform on compacta, by Remark 2.2. Fix η ∈ (0, 1). Then there is R ∈ R + such that te −t/ε < η whenever t > R. Define A to be the closure of {p ∈ M : ρ(p) ≤ R}. Then A contains o and is compact in M by the definition of a Busemann gauge. Hence there is
Moreover, π is surjective by assumption, and
for all g, h ∈ G, whence π is a (1, 2ε/e)-quasi-isometry.
Lemma 2.8. Let (M, d) be a homogeneous metric space and G be a subgroup of Iso(M, d) that acts transitively on M. Take ℓ ∈ R + and o ∈ M, and set U :
Proof. If n = 1, then (2.3) holds by definition. Assume that (2.3) holds when n = k. On the one hand, if
Lemma 2.9. Let (M, d) be a homogeneous metric space. If A, B are compact subsets of M, then the set U(A, B), given by
is compact. In particular, the stabiliser of a point is compact.
By Remark 2.2 and the Ascoli-Arzelà theorem (see [33, p . 233]), we need to show that 
then U is a neighbourhood of the identity element in Iso(M, d). By Lemmas 2.8 and 2.9, the set U n is compact for all n ∈ N, hence Iso(M, d) is locally compact and σ-compact. Since Iso(M, d) is also metrisable by Proposition 2.7, it is second countable. The last part of the proposition follows from [28 Proof. We show by induction on n that V n (o, ℓ) ⊆ Go for all n ∈ N. If n = 0, then there is nothing to prove. Assume that V n (o, ℓ) ⊆ Go and take
and thus x = gf o ∈ Go. This implies that V n+1 (o, ℓ) ⊆ Go and the inductive step is proved. It follows that
is compact and is a subset of Go. Therefore G acts transitively on M, by the first part of the lemma. Take o, p ∈ M. For each ν ∈ N, there is g ν ∈ G ν such that g ν (o) = p. By Lemma 2.9, U({o}, {p}) is compact; since g ν ∈ U({o}, {p}), we may assume that g ν converges to g ∈ U({o}, {p}) by passing to a subnet if necessary. For each ν ∈ N, g ν ′ ∈ G ν when ν ′ ≥ ν, and hence g ∈ G ν . In conclusion, g ∈ ν∈N G ν = G and go = p.
2.3.
Contractibility. We will need some information about maximal compact subgroups of locally compact groups. The following result is almost standard and may be extended (see [1] ); compact contractibility is the only new ingredient. We say that a topological space M is compactly contractible if, for each compact subset S of M, there are
Lemma 2.14. If K is a compact subgroup of a connected locally compact group G, then the following are equivalent:
Proof. By [44, p. 188 
], (i) implies (ii). It is trivial that (ii) implies (iii) and (iii) implies (iv)
. We prove that (iv) implies (i) by modifying the argument of [1, Theorem 1.3] . Suppose that (iv) holds. By [3] , there is a maximal compact subgroup K 0 of G that contains K, and then by [44, p. 188] , there is a map Φ :
Lie theory.
The main result of this section, Proposition 2.17, is an algebraic criterion for the existence of closed subgroups of the isometry group of a homogeneous metric space that act simply transitively.
Recall that if G is a Lie group with Lie algebra g and h is a subalgebra of g, then there is a Lie subgroup H of G whose Lie algebra is h, but H need not be closed. Moreover, if H is a Lie subgroup of G, then H with its own Lie structure is analytically immersed, but not necessarily embedded, in G. Recall also that if H and K are subgroups of a group G, then HK denotes the subset {hk : h ∈ H, k ∈ K} of G. The next lemma gives a criterion for H to be closed. Lemma 2.15. Suppose that K is a closed subgroup of a connected Lie group G and denote by π the quotient map from G to G/K. Let H be a Lie subgroup of G such that g = h ⊕ k as vector spaces. Then
Proof. Denote by M the quotient space G/K, which is a connected manifold, and by o the point K in G/K. 
By introducing an auxiliary G-invariant metric on M and using Lemma 2.12, we deduce that Ho = M; it follows immediately that
and (i) is proved. Since H acts continuously on M, the stabiliser of o in H is closed. Since h ∩ k = {0}, the intersection H ∩ K is discrete in H. Therefore, after shrinking the set U that we produced above if necessary, we may assume that Uk ∩ Uk
H (hV ) is equal to k∈H∩K hUk, a disjoint union of open sets on each of which π| H is a homeomorphism onto hV . Thus π| H : H → M is a covering map, which proves (ii). If H is closed, then H ∩ K is a closed zero-dimensional subgroup of G, and hence is discrete. Conversely, if H ∩ K is discrete, then there is an open subset Ω of G such that Ω ∩ H ∩ K = {e G }. By shrinking the set U produced above if necessary, we may assume that
we claim that it is also injective. Indeed, assume that h 1 , h 2 ∈ U and
Again by invariance of domain, ϕ is a homeomorphism from U × K onto its image, and U is closed in the open subset UK of G. Hence H is closed in G, and (iii) holds. Finally, if M is simply connected, then π| H is a homeomorphism, whence
Remark 2.16. We recall an elementary fact that will be useful. If G acts transitively on a set M, then the stabilizers of two points in M are conjugated with each other. Hence, if a normal subgroup of G is contained in one of the stabilizers, then it is contained in all stabilizers, i.e., it fixes all points. In particular, if G acts faithfully and transitively on a set, then no normal subgroups of G are contained in a stabilizer.
To state our next result, we introduce more notation. We denote by r and n the radical and nilradical of a Lie algebra g, and by B its Killing form. We define the annihilator s B of a subspace s of g by
The following result is close to and inspired by [24, Lemma 1.8].
Proposition 2.17. Let K be a compact subgroup of a connected Lie group G with Lie algebra k, let h be k B , and let H be the connected Lie subgroup of G with Lie algebra h. Suppose that K contains a Levi subgroup of G and acts effectively on G/K. Then (i) g = h ⊕ k as vector spaces, and (ii) n ⊆ h ⊆ r, and h is a solvable ideal of g. Moreover, if G/K is simply connected, then H is closed, G = HK and the map h → hK from H to G/K is a diffeomorphism.
Proof. First we show that −B is positive definite on k. Since K is compact, if X ∈ k, then ad X is semisimple and has eigenvalues iλ 1 , . . . , iλ n , where each λ i ∈ R. Hence B(X, X) = −(λ 2 1 + · · · + λ 2 n ), and so B(X, X) = 0 implies that ad X = 0. As G is connected, the oneparameter subgroup {exp(tX) : t ∈ R} ⊂ K is central in G, whence X = 0 by Remark 2.16.
Since K acts effectively on G/K, so does {exp(tX) : t ∈ R}, whence X = 0 by Lemma ??.
It follows that h ∩ k = {0}. Note that h is the kernel of the map X → B(X, ·) from g to the dual k * . Therefore
from which it follows that g = h ⊕ k, and (i) holds. We now prove (ii). Let l be a Levi subgroup of g contained in k. If X ∈ n and Y ∈ g, then B(X, Y ) = 0; see [6, Chapter I, Section 4, Proposition 6]. It follows that n ⊆ h. Moreover, h is an ideal since
Finally, the last statement follows from Lemma 2.15.
2.5. Polynomial growth. Let G be a locally compact group, equipped with a left-invariant Haar measure µ. If K is a compact subgroup of G and π : G → G/K is the quotient map, then there is a unique
for all Borel subsets U of G/K; see [20] or [46] . From Proposition 2.11, if (M, d) is a homogeneous metric space and G is the identity component of Iso(M, d), then M may be identified with G/K for some compact subgroup K of G. We now recall some standard terminology. First, a metric space M is said to be proper if bounded sets are relatively compact, or equivalently, a subset is compact if and only if it is closed and bounded. Next, M is said to be doubling if there is a constant N such that each ball of radius 2r may be covered by at most N balls of radius r for all r ∈ R + . Finally, M is (L, C)-quasigeodesic if for every x, y ∈ M there are n ∈ N and x 0 , x 1 , . . . , x n ∈ M such that d(x j−1 , x j ) < C when j ∈ {1, . . . , n} and 1, 1), and (x n , y n ), where n ∈ N, given by x n = 2 2 n+1 and y n = 2 2 n . The nodes all lie on the graph y = x 1/2 , so D is evidently increasing and concave. Hence d(x, y) := D(|x − y|) is a translationinvariant metric on R, and |B(x 0 , r)| = 2D −1 (r) for all r ∈ [0, +∞). Take r = y n , and consider the ratio
We will now show that the right hand fraction is unbounded in n, which shows that d is not a doubling metric.
If (x, y) lies on the line segment between (x n , y n ) and (
, so x = x n + y n (y n + 1)(y − y n ). Since 2y n ≤ y n+1 , if D(x) = 2y n , then (x, 2y n ) lies on the line segment, and so x = x n + x n (y n + 1) and
which tends to infinity as n increases. The same argument also shows that if (x, y) lies on this line segment, then |B(0, y)| = 2x = 2x n + 2y n (y n + 1)(y − y n ) ≤ 2y 2 n + 2y n y(y n + 1) ≤ 2y 2 + 2y 2 (y + 1), and it follows that d is of polynomial growth.
Remark 2.20. If (M, d) is a homogeneous metric space of polynomial growth, then it is proper. Indeed, if there were a noncompact closed ballB(p, r), then there would be ε ∈ R + and points x i inB(p, r), where i ∈ N, such that d(x i , x j ) > 2ε if i = j. But then it would follow that
which would be a contradiction.
A quasigeodesic homogeneous metric space is of polynomial growth if and only if its isometry group if of polynomial growth. For general metric spaces, the following implication may be proved.
Lemma 2.21. If M is a homogeneous metric space of polynomial growth, then Iso(M) and its identity component are of polynomial growth.
Proof. Let G be either Iso(M) or its identity component. By Lemma 2.3, we may fix o ∈ M and ℓ ∈ R + such that the sets V n (o, ℓ) are compact for all n ∈ N. By Lemma 2.9, the set U := {f ∈ G : f (o) ∈B(o, ℓ)} is a compact neighbourhood of the identity element in G. By Lemma 2.8 and Proposition 2.13,
Let µ be a Haar measure on G and m be an invariant measure on M such that (2.4) holds, as discussed at the beginning this section, and suppose that m(B(o, r)) ≤ Cr Q for all sufficiently large r. Then
If G is a connected Lie group, then it is of polynomial growth if and only if its Lie algebra g is of type (R), that is, the eigenvalues of ad X are purely imaginary for each X ∈ g. For instance, nilpotent Lie groups are of polynomial growth. For more on this, see [32, 26] .
Lemma 2.22. Let G be a connected Lie group of polynomial growth. Then each Levi subgroup of G is compact. If moreover G is simply connected, then G = R ⋊ L, where R is the radical and L is semisimple and compact. If G is also contractible, then G is solvable.
Proof. LetG be the universal cover of G. Since G is of polynomial growth, the Lie algebra of G, and ofG, is of type (R), henceG is of polynomial growth. SinceG is connected and simply connected, G =R ⋊L, whereR is the radical ofG andL is a semisimple Lie subgroup ofG; this is the Levi decomposition; see, for example, [57, Theorem 3.18.13] . SinceG is of polynomial growth,L is compact; see, for example, [18, Theorem II.4.8] .
Let π :G → G be the quotient projection, and write R and L for π(R) and π(L). The subgroup R is the radical of G, and L is a Levi subgroup of G, which is compact asL is. Since all Levi subgroups of G are conjugate to each other, all Levi subgroups of G are compact.
If G is contractible, then G is the topological product of R and L and thus L is contractible. A contractible compact Lie group is trivial, by Lemma 2.14, so G coincides with R and is solvable.
From homogeneous spaces to solvable Lie groups
In this section, we first discuss some modifications of a metric space that do not change its quasi-isometry class. Next, we prove a key technical result; finally, we prove Theorems 1.1 and 1.2.
3.1.
and define the function d ′ on the orbit space K\M by
Then d ′ is an admissible distance function, and
that is, the quotient map π :
for all k ∈ K, from which the first inequality of (3.1) follows. The second inequality of (3. The function ρ is clearly lower semicontinuous and strictly positive. Since K is compact, r 0 , the minimum of ρ on K, is strictly positive.
Corollary 3.2. Let (M, d) be a metric group and K be a compact normal subgroup of M. Then there is a distance function d ′ on the quotient group M/K such that the quotient map π :
Proof. Since K is normal, left and right cosets coincide and diam(Kp) = diam(K) for all p ∈ M. Lemma 3.1 may now be applied.
) be a locally compact metric space. Let A be a group of homeomorphisms of (M, d) that is compact in the topology of uniform convergence on compacta and that normalises a group J of isometries of M. Define
Then d A is a JA-invariant admissible metric on M, that is,
Proof. Since A is compact and acts continuously on M, d A is finitevalued. Clearly d A is a metric and d(x, y) ≤ d A (x, y) for all x, y ∈ M. Now we show that d and d A induce the same topology. Fix x ∈ M and ε ∈ R + . On the one hand, if d A (x, y) < ε, then d(x, y) < ε. On the other hand, by the Ascoli-Arzelà theorem, A is an equicontinuous family of functions. Hence there is η ∈ R + such that d(kx, ky) < ε for all k ∈ A and all y ∈ B d (x, η).
The last statement is trivially true. 
Proof. Set A := α(K). By assumption, A is a compact group of homeomorphisms of M that normalises the group J of left translations of M.
Lemma 3.3 above constructs a JA-invariant admissible distance func-
On the one hand, one easily shows that
for all k ∈ K and x, y ∈ M. On the other hand, since α(k)
for all k ∈ K and x, y ∈ M. Since α is an open map onto A and A is compact, there is a constant r such that A = α(B d (e, r)). Therefore α(k) is a (1, 2r)-quasi-isometry and by Lemma 3.3, the identity map
for all p ∈ M and k ∈ K, so, with respect to d K , the diameter of each orbit pK is equal to the diameter of K. Therefore by Lemma 3.1, applied to the group of right translations by K, the composition of the identity map on M with a change of metric from d to d K and the quotient map form (M,
The next lemma restates the solution to Hilbert's fifth problem by Gleason, Yamabe, Montgomery and Zippin. We quote [55] . For each ε ∈ R + , there is a compact normal subgroup K ε of G such that G/K ε is a Lie group and the orbit space K ε \M is an analytic manifold. Moreover, there is a distance function d ε on K ε \M such that G/K ε acts transitively and effectively by isometries on ( Lipschitz and a (1, ε) -quasi-isometry.
Proof. We apply Lemma 3.5 to G, which is locally compact by Proposition 2.11. The open subgroup G ′ of the lemma above coincides with G, because G is connected. Fix o ∈ M and ε ∈ R + , and let B be a compact ball with center o and radius less than ε. The set U = {f ∈ G : f (o) ∈ B} is a neighbourhood of the identity element in G. By Lemma 3.5, there is a compact normal subgroup K ε of G, contained in U, such that G/K ε is a Lie group. Let S be the stabiliser of o in G. The stabiliser of K ε o in G/K ε is (SK ε )/K ε , which is a compact subgroup of the Lie group G/K ε . Hence the orbit space K ε \M is homeomorphic to G/(SK ε ) and is an analytic manifold.
If p ∈ M and f ∈ K ε , then there are g ∈ G with g(o) = p and
that is, the diameter of K ε p is no greater than ε for all p ∈ M.
The proposition now follows from Lemma 3.1.
Corollary 3.7. Let (M, d) be a homogeneous metric space. For all ε ∈ R + , there is a connected metric Lie group
Proof. Let G be the connected component of the identity in Iso(M, d). Proposition 3.6 guarantees the existence of a subgroup K ε of G such that G ε := G/K ε is a Lie group, M ε := K ε \M is an analytic manifold endowed with a distance function d 
Now G ε acts transitively and effectively by isometries on M ε , so from Proposition 2.7 we deduce that there is an admissible left-invariant distance function d ε on G ε such that the projection from (
3.2. From groups to solvable groups. The aim of this section is to prove Theorem 3.8. More precisely, given a connected Lie group G, we construct a solvable group that is a model space for G.
We will use several well-known facts about semisimple Lie groups, for which see [28] or [35] . Let L be a connected semisimple Lie group, with Iwasawa decomposition ANK, where A, N and K are closed Lie subgroups, A is a vector group, N is nilpotent and simply connected, and the map (a, n, k) → ank from A × N × K to G is a diffeomorphism. Then AN is a solvable Lie subgroup of L, the center Z(L) of L is discrete and contained in K, and K/Z(L) is compact. We denote by Z F the intersection of the kernels of all finite-dimensional representations of L. Then Z F < Z(L); further, Z(L)/Z F is finite and K/Z F is compact. We may further decompose K as V × K 0 , where V is a closed vector subgroup of K and K 0 is a maximal compact subgroup of L. The center Z(L) is thus the direct product Z V × Z 0 , where Z V is a lattice in V and Z 0 is a finite subgroup of K 0 . Theorem 3.8. If G is a connected Lie group, then there exists a connected Lie group H with the following properties.
(1) H = H 0 × K 0 , where H 0 is solvable and K 0 is compact. (2) H acts analytically and transitively on G, with finite stabiliser.
In particular, the analytic map h → h . e G from H to G is a finite covering map, whose degree is bounded by the cardinality of R ∩ L, where R is the radical of G and L is a Levi subgroup. 
There is an admissible left-invariant distance function d S on S such that the map s → s . e G is an isometric embedding of
Proof. Let G = RL be a Levi decomposition of G, where R is the radical of G, and L is a connected semisimple Lie subgroup. Using the notation introduced at the beginning of this section, we fix an Iwasawa decomposition ANK of L, and we further decompose K as V × K 0 . Define Γ to be R ∩ L. Note that L does not need to be closed in G, but since R is normal and closed, Γ is a closed normal zero-dimensional subgroup of L, so it is central and discrete in L.
Second, since Z F ∩ Z V is the kernel of the restriction to Z F of the projection from Z V × Z 0 onto the second factor Z 0 and Z 0 is finite,
Therefore Z(L)/(Z F ∩ Z V ) is finite and thus Γ/∆ is finite too, and the claim is proved. Define H ′ to be (R ⋊ AN) × K and Ψ :
for all (x, y) ∈ H ′ and all g ∈ G. The analytic map Ψ defines a left action of H ′ on G. We write (x, y) . g for Ψ (x, y), g . The action is transitive, because if g ∈ G then there are r ∈ R, a ∈ A, n ∈ N, and k ∈ K such that rank −1 = g, that is, g = (ran, k) . e G . Consequently, all stabilisers are conjugate to the stabiliser Stab H ′ (e G ) of e G in H ′ , which is {(x, x) : x ∈ Γ}. The kernel ker Ψ of the action is {(x, x) : x ∈ Z(G) ∩ Γ}. Indeed, on the one hand, if x ∈ Z(G) ∩ Γ then (x, x) . g = xgx −1 = g for all g ∈ G. On the other hand, if (x, y) . g = g for all g ∈ G, then xy −1 = e, that is, x = y ∈ Γ, and x ∈ Z(G).
Define∆ to be {(x, x) : x ∈ ∆}, and the groups H 0 and H by
Note that H is equal to H ′ /∆, since ∆ ∩ K 0 = {e}. Now ∆ ⊆ Z(G), so∆ is a central subgroup of (R ⋊ AN) × V and therefore H 0 is a solvable Lie group. Since∆ is contained in the kernel of the action of H ′ , the group H still acts transitively on G. Moreover, Stab H (e G ), the stabiliser of e G in H, is Stab H ′ (e G )/∆, which is isomorphic to the finite group Γ/∆.
Parts (1) and (2) of the theorem are proved. Now we will prove (3). Let V 2 be the linear span in V of the set Γ ∩ V . We claim that
, where n is the order of Z 0 . Hence z V ∈ V 2 and (3.3) is proved.
Let V 1 be a subspace of V complementary to V 2 , so V = V 1 × V 2 , and take S to be (R ⋊ AN) × V 1 , which is a connected solvable subgroup of H ′ , and so acts on G. Now S ∩ Stab H ′ (e G ) = {e} since Γ ⊆ V 2 × K 0 , and thus S acts simply on G and is a subgroup of H.
In general, S does not act transitively on G; however, the orbit space S\G is compact. Indeed, topologically,
Moreover, (V 2 × K 0 )/Γ is compact. Indeed, write Γ 0 for Γ ∩ K 0 and Γ 2 for Γ ∩ V 2 ; then Γ 2 × Γ 0 ⊆ Γ and thus
This completes the proof of (3). To prove (4), we define the analytic map ψ : s → s . e G from S to G, that is, ψ(ran, v 1 ) = ranv −1
1 . Since the action of S is simple, the map ψ is injective. We prove that ψ is a topological embedding, that is, that the inverse ψ −1 is continuous from ψ(S) to S. Let p i = (r i a i n i , v i ) ∈ S be a sequence such that lim i→∞ ψ(p i ) = ψ(p) for some p = (ran, v) ∈ S. We need to show that p i → p. Consider the quotient R\G, which is a connected semisimple Lie group isomorphic to L/(L ∩ R) = (ANV 1 ) · ((V 2 K 0 )/Γ). Consider also the quotient mapπ : G → R\G, and the standard isomorphism τ :
and ANV 1 is the topological product of A, N and V 1 , it follows that lim i→∞ a i = a, lim i→∞ n i = n and
−1 = r, and we conclude that p i → p.
Suppose that d is an admissible left-invariant distance function on G. Note that K need not be compact (for instance, if L is the universal covering group of SL(2, R)); however, it is still true that K/Z(G) is compact, because Z F ⊆ Z(G). By Corollary 3.4, there is an admissible distance function d G on G that is G-left-invariant and K-right-invariant and such that the identity map on G is a (1, C)-quasi-isometry from d to d G . Therefore H ′ acts by isometries on (G, d G ), and thus both H and S also act by isometries. This proves (4) .
Finally, we show that ψ :
is a (1, C)-quasi-isometry or, equivalently, a C-neighbourhood of ψ(S) with respect to d G covers G. If {U n } n∈N is a nested sequence of precompact open sets in G such that e G ∈ U n for all n and G = n U n , then π(U k ) = S\G for some k because S\G is compact. Set
and observe that if y ∈ G, then there are x ∈ U k ands ∈ S such that ϕ(s)x = y, whence
The proof of (5) Note that the Levi subgroup of H is trivial because H is solvable. The quotient space H/K is simply connected by Lemma 2.14. Now we may apply Proposition 2.17 to obtain a simply connected closed normal solvable subgroup J of H such that the restricted quotient map from J to H/K is a homeomorphism. Moreover,
Finally, (M, d) is (1, C)-quasi-isometric to the simply connected solvable metric Lie group (J, d J ).
3.4.
Proof of Theorem 1.2. Let G be a connected Lie group with radical R and Levi subgroup L. Let H be the group constructed in Theorem 3.8. If R ∩ L = {e}, then the stabiliser of e G in H is trivial. There are two simple cases in which this happens: if G is simply connected, because then G = R ⋊ L, and if L is semisimple, because then R = {e}. If the stabiliser of e G in H is trivial, then the covering map h → h.e G described in Theorem 3.8. (2) is a homeomorphism and we can pull back from G to H the distance d G given by Theorem 3.8.(4). We denote by d H the new distance on H. Since the action of
Therefore we obtain the following results, which contain a restatement of Theorem 1.2. Remark 3.10. If G is a contractible Lie group, then the group H given by Corollary 3.9 has no nontrivial compact subgroup, by Lemma 2.14, whence H is solvable and G may be made isometric to a solvable Lie group.
Corollary 3.11. Let G be a connected semisimple Lie group with Iwasawa decomposition ANK. Write K as V × K ′ , where V is a vector group and K ′ is compact. Then G may be made isometric to the direct product AN × V × K ′ .
Nilpotent groups and polynomial growth
The aim of this section is to prove Theorem 1.3 and discuss when a homogeneous metric space is quasi-isometric to a simply connected nilpotent Lie group. We first recall some definitions and results, on modifications of nilpotent Lie algebras and groups in Section 4.2, and on nilshadows of solvable Lie groups in Section 4.3. These notions are then used to prove Theorem 1.3 in Section 4.4. In Section 4.5, we deduce that quasigeodesic homogeneous spaces of polynomial growth are quasi-isometric to nilpotent groups. 4.1. Notation. We write Aut(G) for the group of automorphisms of a Lie group G, and Aff(G) for the Lie group of affine transformations of G, which may be identified with G ⋊ Aut(G). Given a Lie algebra g, we write nil(g) for the nilradical of g, and der(g) and Aut(g) for the Lie algebra of derivations of g and the group of Lie algebra automorphisms of g. The Lie algebra of Aut(g) coincides with der(g). For A ∈ Aut(G), we denote by A * the corresponding Lie algebra morphism of g. In general, the map A → A * is a homomorphism from Aut(G) to Aut(g); it is an isomorphism if G is connected and simply connected. In this section, n denotes a nilpotent Lie algebra. Consider the semidirect sum of Lie algebras n ⊕ der(n) whose Lie product is defined by
for all X, X ′ ∈ n and all D, D ′ ∈ der(n), From the definition, ad D| n coincides with D. Definition 4.1. A linear map σ : n → der(n) is called a modification map of the nilpotent Lie algebra n if (m1) σ is a Lie algebra homomorphism, (m2) exp(σ(n)) is precompact in Aut(n), and (m3) [σ(n), n] ⊆ ker(σ).
Remark 4.2. From (m1) and (m2), the closure of exp(σ(n)) is a compact nilpotent Lie group, hence σ(n) is abelian and [n, n] ⊆ ker(σ).
Remark 4.3. From (m3) and Remark 4.2, Gr(σ), the graph of σ, that is, {X + σ(X) : X ∈ n}, is a Lie subalgebra of n ⊕ der(n). Moreover, [Gr(σ), Gr(σ)] ⊆ n, so Gr(σ) is solvable.
Remark 4.4. From (m2) and Remark 4.2, there exists a scalar product on n such that each element in σ(n) is a skew-symmetric transformation of n. Fix such a scalar product and denote the orthogonal complement of ker(σ) in n by w. Using (m3), one may easily show that (4.1) n = ker(σ) ⊕ w and [σ(n), w] = {0}.
Lemma 4.5. Let σ : n → der(n) be a linear map. Assume that σ has property (m2), that σ(n) is abelian and that Gr(σ) is a Lie subalgebra of n ⊕ der(n). Then σ is a modification map.
The proof is postponed to the end of this subsection.
Definition 4.6. Let N be a connected Lie group. A Lie group homomorphism ϕ :
there is a submanifold P of N containing e and transverse to ker(ϕ) such that ϕ g (p) = p for all p ∈ P and g ∈ N.
Remark 4.7. It follows immediately from the definition that ker(ϕ)P is a neighbourhood of the identity element. Hence
Lemma 4.8. Assume that N is a simply connected nilpotent Lie group with Lie algebra n. Let ϕ : N → Aut(N) be a Lie group homomorphism with induced Lie algebra homomorphism σ : n → der(n). Then the following are equivalent: (i) σ is a modification map, and (ii) ϕ is a modification map.
Proof. We may identify ker(σ) with the tangent space T e ker(ϕ). Suppose that w is a subspace of T e N complementary to ker(σ); define
which is a closed subgroup of Aut(N), and hence a Lie group, whose Lie algebra we denote by l. One may check directly that
We show that (i) implies (ii). Since ϕ(N) = exp(σ(n)), (M2) follows from (m2). Let w be as in Remark 4.4 and U be an open neighbourhood of 0 in n on which exp is a diffeomorphism. Then P := exp(U ∩ w) is a submanifold of N that contains e. Now σ(n) ⊆ l, so ϕ(N) ⊆ L, that is, ϕ satisfies both (M1) and (M3). Now we prove that (ii) implies (i). Property (m1) holds by assumption. Next, (m2) holds since ϕ(N) = exp(σ(n)). We take w to be T e P , and see that ϕ(N) ⊆ L, whence σ(n) ⊆ l, and (m3) holds. Lemma 4.9. Let ϕ be a modification map on a simply connected nilpotent Lie group N. Then the graph of ϕ, that is,
is a closed Lie subgroup of Aff(N) homeomorphic to N, with Lie algebra Gr(ϕ * ).
Proof. To show that Gr(ϕ) is a subgroup of Aff(N), we take g 1 , g 2 ∈ N, choose g := g 1 ϕ g 1 (g 2 ), and prove that
Since ϕ is a homomorphism,
This shows that Gr(ϕ) is closed under composition. Similarly, one may prove that if
, hence Gr(ϕ) is also closed under inversion. Now we prove that Gr(ϕ) is closed in Aff(N). Take g i ∈ N such that L g i • ϕ g i → f , where f ∈ Aff(N). We define g to be f (e) and observe
and Gr(ϕ) is closed. Since Aff(N) is a Lie group, Gr(ϕ) is a closed Lie subgroup thereof.
Finally, ψ : g → L g • ϕ g from N to Aff(N) is an analytic homeomorphism onto Gr(ϕ), and dψ(e)(T e N) = T e Gr(ϕ). By direct computation, dψ(e)(v) = v + ϕ * (v) for all v ∈ n. In particular, Lie(Gr(ϕ)) = T e Gr(ϕ) = dψ(e)(T e N) = Gr(ϕ * ), and we are done. Definition 4.10. Let N be a simply connected nilpotent Lie group. A Lie group G is called a modification of N if there is a modification map ϕ on N such that G is isomorphic to Gr(ϕ).
In light of Lemmas 4.8 and 4.9, a Lie group G is a modification of N if and only if G is simply connected and there exists a modification map σ on n such that g is isomorphic to Gr(σ). 4.2.1. Proof of Lemma 4.5. Let n be a nilpotent Lie algebra and σ be as in the hypotheses of Lemma 4.5. Since Gr(σ) is a Lie algebra and σ(n) is abelian,
and hence
for all X, Y ∈ n. If moreover Z ∈ n, then σZ ∈ der(n), and
These two formulae imply the following, which will be used extensively: for all X 1 , X 2 , X 3 ∈ n,
Let {n k } s k=1 be the ascending central sequence of n. Since the abelian algebra σ(n) acts on n by skew-symmetric maps, we may write n as a direct sum J j=1 w j , where each w j is a minimal irreducible subspace of n for σ(n). In particular, dim(w j ) is either 1 or 2. Moreover, we may assume that for each k there exists
To prove Claim 4.11, we may assume that X i and X j have norm one. In the case where dim(w i ) = 2, we define X i * to be a unit vector in w i orthogonal to X i . We define X j * similarly. We consider four cases:
(a) i = j and dim(w i ) = 2; (b) i = j, dim(w i ) = 2 and dim(w j ) = 2; (c) i = j and dim(w i ) + dim(w j ) = 3; (d) i = j, dim(w i ) = 1 and dim(w j ) = 1. In case (a), we need to show that σ[σX i ,
By hypothesis and (4.5), 
By hypothesis and (4.5),
We will show that 
In case (d), σ[σX i , X j ] = 0 trivially. Claim 4.11 is now proved. To finish the proof of Lemma 4.5, we need to show that σ is a homomorphism and [σ(n), n] ⊆ ker(σ).
Since σ(n) is abelian, σ is a Lie algebra homomorphism if and only if [n, n] ⊆ ker(σ). By (4.3), we only have to show (m3).
By linearity, (m3) is equivalent to the condition that
But Claim 4.11 implies (4.10) for all X i , X j by induction on k. Indeed, if [X i , X j ] ∈ n 1 , then (4.10) follows directly from the fact that n 0 = {0} and Claim 4.11. If (4.10) holds for all X i , X j with [X i , X j ] ∈ n k , then σ(n k ) = {0} by (4.3) and because n k is spanned by elements of the type [X i , X j ]. Thus (4.10) holds also for all X i , X j with [X i , X j ] ∈ n k+1 by Claim 4.11.
4.3.
Nilshadows of solvable groups of polynomial growth. In this section, we follow [18] and [7] . For each element X of a Lie algebra, the linear map ad X admits a unique Jordan decomposition as a sum of a semisimple map, denoted by ad s (X), and a nilpotent map.
Let g be a solvable Lie algebra of type (R). Let v be a subspace of g such that 
The Lie algebra (g, [·, ·] nil ) is the nilshadow of g, which is nilpotent and unique up to isomorphism; see, for example, [18] . We show now that the modifications of a nilpotent Lie algebra n are exactly the Lie algebras whose nilshadow is n. Proposition 4.12. If n is a nilpotent Lie algebra and σ is a modification map on n, then ker(σ) = nil(Gr(σ)) and the nilshadow of Gr(σ) is isomorphic to n.
Proof. Set k := n ⊕ σ(n). Take X ∈ n. Since ad X| k n = 0 for some k ∈ N, we see that ad X| k+1 n⊕der(n) = 0. Thus (4.12) ad
since σ(n) is commutative, σ(n) ⊆ ker(ad σ(X)) and ad σ(X) is semisimple on k by Remark 4.4. Now we claim that ker(σ) = nil(Gr(σ)). Since Gr(σ) is solvable by Remark 4.3, we only need to show that the nilpotent elements of Gr(σ) are those in ker(σ). On the one hand, if σ(X) = 0, then ad X + σ(X) is nilpotent on n ⊕ der(n), and in particular on Gr(σ). On the other hand, if ad X + σ(X) is nilpotent on Gr(σ), then ad σ(X)| Gr(σ) = 0, by (4.12), which implies that
for all Y ∈ n, and thus σ(X) = 0.
Let w be the subspace of n defined in Remark 4.4, and set
Clearly Gr(σ) = nil(Gr(σ)) ⊕ v and ad s (v)v = {0}, by (4.12) and (4.1). From (4.12), we also see that ad s (π v (X + σ(X))) = ad σ(X). So
This shows that the map X → X + σ(X) is an isomorphism from n to the nilshadow of Gr(σ).
The converse of the previous proposition also holds: every simply connected solvable group of polynomial growth is a modification of its nilshadow. We will not use this, but see Remark 4.14 for more. Proposition 4.13. If g is a solvable Lie algebra of type (R) and v is chosen such that (4.11) holds, then the map σ : X → ad s (π v (X)) from g to gl(g) is a modification map of (g, [·, ·] nil ) and Gr(σ) is isomorphic to g.
4.4.
Proof of Theorem 1.3. Let (N, d ) be a connected simply connected nilpotent metric Lie group and G be the connected component of the identity of Iso(N, d). We aim to characterise the Lie groups H that may be equipped with a metric
As G is of polynomial growth, so is H, and H is contractible since it is isometric to N. By Lemma 2.22, H is solvable. It is reasonable to expect that there are similarities between H and N; in fact we will see that H is a modification of N and N is the nilshadow of H.
We restate Theorem 1.3 for the reader's convenience.
Theorem. Let N and H be simply connected Lie groups and assume that N is nilpotent. The following are equivalent: (i) H and N may be made isometric; (ii) H is a modification of N; (iii) H is solvable and of polynomial growth and N is its nilshadow.
We shall prove the claim by establishing that (i) implies (ii), that (ii) implies (iii), and that (iii) implies (i); we discuss other implications after the proof. We point out that Breuillard [7] also showed that (iii) implies (i), and Gordon and Wilson [24] showed essentially that (i) and (ii) are equivalent. 
The map Ψ is a continuous group isomorphism, hence a diffeomorphism. In particular, F is also smooth, because it is a composition of smooth maps: indeed,
Since N is nilpotent, the stabiliser Stab(e N ) is a subgroup of Aut(N) and Iso(N, d N ) is a closed subgroup of Aff(N); see [34] . Therefore Ψ is a smooth embedding of Iso(H, d H ) in Aff(N). Define the linear map σ : n → der(n) by (4.13) σ
where π : Aff(N) = N ⋊ Aut(N) → Aut(N) is the quotient map. We first prove that (4.14)
that is, Gr(σ) is isomorphic to h. Recall that Lie(Iso (N, d N ) ) may be represented as a Lie algebra of smooth vector fields on N whose flows are one-parameter groups of isometries. In this representation, a vector X ∈ n corresponds to the right-invariant vector field X † on N such that X † (e N ) = X, and the Lie algebra of the stabiliser of e N corresponds to the space of vector fields that vanish at e N . Moreover,
This shows that Gr(σ) ⊆ Ψ * (h). Since Gr(σ) has the same dimension as n and thus as Ψ * (h), we conclude that (4.14) holds.
We need to show that σ is a modification map. Since N is simply connected and nilpotent, it is contractible and so H is also contractible. Moreover, H is of polynomial growth, because N is. By Lemma 2.22, H is solvable. Observe that σ(n) = π * (Ψ * (h)), where Ψ * (h) is a solvable Lie algebra and π * is a Lie algebra homomorphism. Hence σ(n) is a solvable subalgebra of Lie(Stab(e N )), which is a compact Lie algebra, and thus σ(n) is abelian. Property (m2) is easily checked because σ(n) ⊆ Lie(Stab(e N )). Lemma 4.5 yields that σ is a modification map. Now Lemma 4.8 and Lemma 4.9 imply (ii).
Remark 4.3 and Proposition 4.12 show that (ii) implies (iii). Finally, from [7, Lemma 3.11] , on each simply connected solvable group of polynomial growth there exists a Riemannian metric that is left-invariant for both the original Lie structure and for the nilshadow Lie structure, so (iii) implies (i).
Remark 4.14. Note that if (iii) holds, then, as already stated, the natural map from N to H is an isometry for some left-invariant distance functions. One may then show that the modification map on n constructed in showing that (i) implies (ii) is the differential of a mod-
p , where the superscript indicates the group law for the left translation. Using the formula for the nilshadow product [7, p. 690] , one deduces that the modification map ϕ is the group homomorphism T with differential X → ad s (π v (X)). This last observation motivates Proposition 4.13.
Remark 4.15. To see that (ii) implies (i), note that there is a leftinvariant Riemannian distance function d N on N that is also ϕ(N)-invariant, since ϕ(N) is precompact in Aut(N). Hence we define
for all x, y ∈ N; it is easy to check that the map x → L x • ϕ x is an isometry from the metric Lie group (Gr(ϕ), d Gr(ϕ) ) to (N, d N ) (recall Proposition 4.12).
Here are more observations about Theorem 1.3. We may change a metric on an isometrically homogeneous metric space and change the isometry group by doing so. For instance, we may equip R 2 with any one of the biLipschitz equivalent translation-invariant metrics
where 1 ≤ p < ∞ and 0 < a < ∞. When p = 2, the isometry group includes rotations, but otherwise it does not. And when p = 2, the rotation group depends on the parameter a. However, each of the isometry groups act by bi-Lipschitz transformations with respect to all the other metrics. However, we may equip a simply connected solvable group G with a left-invariant distance function d so that (G, d) cannot be bi-Lipschitz equivalent to N endowed with a left-invariant distance function.
The universal covering group H of the group R 2 ⋊SO(2) of orientationpreserving rigid motions of R 2 is a simply connected three-dimensional solvable Lie group that admits a left-invariant distance function d such that (H, d) is not bi-Lipschitz equivalent to any nilpotent group. Indeed, the two simply connected three-dimensional nilpotent Lie groups are the abelian group R 3 , which is the nilshadow of H, and the nonabelian Heisenberg group H. However, if d is a suitable left-invariant sub-Riemannian distance function on H, then (H, d) is not even quasiconformally equivalent to either R 3 or H; see [19] . Nevertheless, (H, d) is locally bi-Lipschitz to H with the standard sub-Riemannian distance function. 4.5. Metric spaces of polynomial growth. We now derive some consequences of Theorem 1.3. These results are not surprising since we consider distance functions that are proper and quasigeodesic. Proof. Let G be the connected component of Iso(M, d) that contains the identity and K be the stabiliser in G of a point o ∈ M. By Proposition 2.11, M is homeomorphic to G/K. By Lemma 2.14, K is a maximal compact subgroup of G. Moreover, G is a Lie group; see [44, p. 243] [8] ), and d is assumed to be quasigeodesic, so the identity map on H is a quasi-isometry from d H to d Let K 0 be a maximal compact subgroup of G and define M ′ to be G/K 0 . By Lemma 2.14, M ′ is a contractible manifold. By Corollary 3.4, there is an admissible G, d, δ) where G is a connected Lie group, d is a left-invariant distance on G inducing the manifold topology and δ : G → G is an automorphism such that d(δx, δy) = λd(x, y) for some λ = 1.
The basic examples of self-similar Lie groups are normed vector spaces of finite dimension with a dilation δv = λv. Several other examples are already available using G = R 2 .
If α, β ≥ 1, the automorphisms δ λ = λ It has been shown in [37] that, for α = 2, there exists a homogeneous distance d whose spheres are fractals in R 2 .
The automorphisms δ λ = λ α cos(log λ) − sin(log λ) sin(log λ) cos(log λ) are dilations of factor λ for the distance d(x, y) = x − y 1 α , where · is the Euclidean norm and α ≥ 1. If α > 1, then there is a left-invariant distance d on R 2 for which the automorphisms δ λ = λ α λ α log(λ α ) 0 λ α are dilations of factor λ. These dilations appear in [5] in the study of visual boundaries of Gromov hyperbolic spaces. See also [60] for furter results and examples in R n . In [39] the authors have studied those self-similar Lie groups that admit a Besicovitch covering property. See also [41] for further references. Definition 5.2. A (positive) grading of a Lie algebra g is a splitting g = t>0 V t so that [V s , V t ] ⊂ V s+t for all s, t > 0. A Lie group G is graduable if it is simply connected and its Lie algebra admits a grading.
Notice that only a finite number of V t 's are not {0}, because g has finite dimension. Moreover, a graduable group is necessarily nilpotent. If G is a graduable Lie group with grading g = t>0 V t , we may define the standard dilations δ λ : G → G by imposing (δ λ ) * v = λ t v for all v ∈ V t . It is known that a distance d exists on G so that (G, d, δ λ ) is a self-similar group if and only if V t = {0} for all t < 1, see [39] for references.
Graduable groups are in fact the only Lie groups that support a dilation by the following theorem due to Siebert [51] . Theorem 5.3 (Siebert) . Let G be a connected Lie group and let δ : G → G be a Lie group automorphism such that for all g ∈ G lim n→∞ δ n g = e G .
Then G is graduable, nilpotent and simply connected.
The proof constructs a grading for G as follows. One denotes by g C the complexified Lie algebra and by W α the generalized eigenspace of (δ * ) C : g C → g C with respect to α ∈ C, that is, W α = {v ∈ g C : ∃n ∈ N ((δ * ) C − αId) n v = 0}.
It can be proven that [W α , W β ] = W αβ and that (δ * ) C W α = W α , for all α, β ∈ C. Thus, one has that V t = g ∩ log |α|=−t W α defines the layers of a grading for g. Proof. Since on a self-similar Lie group one has a contractive automorphism, the first statement follows from Theorem 5.3. Recall that a metric dilation on a metric space (G, d) is a bijection f : G → G such that d(f (x), f (y)) = µd(x, y) for all x, y ∈ G and some µ = 1. Notice that such a map is also an isometry from (G, µd) to (G, d). By [34] , isometries between connected nilpotent Lie groups are Lie group isomorphisms. Theorem. If a metric space is locally compact, connected, isometrically homogeneous, and it admits a metric dilation, then it is isometric to self-similar Lie group.
The converse part of the theorem is obvious. Hence we focus on metric spaces with a dilation. Throughout this section, we assume that (M, d ) is a homogeneous metric space, λ > 1, and δ is a bijection of M such that d(δx, δy) = λd(x, y) for all x, y ∈ M. Since M is locally compact and isometrically homogeneous, it is complete, and the Banach fixed point theorem shows that δ has a unique fixed point, o say. As usual, G denotes the connected component of the identity in Iso(M). We prove a few preliminary results. Proof. The ball B(o, r) is relatively compact for all sufficiently small r; using the dilation we see that this holds for all r ∈ R.
We now show that (M, d ) is a doubling metric space. SinceB(o, λ) is compact, there are points x 1 , . . . , x k ∈B(o, λ) such that
B(x i , 1/2).
Take R ∈ R + , and let n := ⌊log λ R⌋, so that 1 ≤ λ −n R < λ. Then that is, r = 0. Therefore π(K) = {o}, and K is contained in the stabiliser of o in G. Since G acts transitively by Proposition 2.13, K = {e G }. By Proposition 2.11 and Lemma 3.5, G is a Lie group, M is a manifold and the action of G on M is analytic. Since M is a manifold and admits a metric dilation, it is compactly contractible, and hence contractible by Lemma 2.14. Since moreover M is doubling and proper, it is of polynomial growth by Remark 2.18. By Lemma 2.21, G is a group of polynomial growth.
Proof of Theorem 1.4. Let (M, d ) be a homogeneous metric space. Let δ be a metric dilation of factor λ ∈ (1, ∞) and with fixed point o. Let G denote the connected component of the identity in Iso(M). By Lemma 5.6, G is a Lie group of polynomial growth and M may be identified with G/K, where K is the stabiliser of o in G.
We will apply Proposition 2.17. Since G is of polynomial growth, each Levi subgroup of G is compact, by Lemma 2.22. Since G/K is contractible by Lemma 5.6, K is a maximal compact subgroup by Lemma 2.14, and therefore K contains a Levi subgroup.
From Proposition 2.17, there exists a connected Lie subgroup H of G such that the restricted quotient map h → ho from H to M is a homeomorphism. We use this homeomorphism to make H into a selfsimilar Lie group isometric to (M, d).
Define the distance function
. It is clear that this is an admissible metric, and it is left-invariant because
for all h, h ′ , h ′′ ∈ H. Further, define the map T on G by
Then T is a Lie group automorphism of G. Since T K = K and the Killing form is invariant under automorphisms, T H = H. Thus T | H is a Lie group automorphism of H. We note that after the identification of H with M, the map T | H coincides with δ. Indeed, (T h)(o) = (δhδ −1 )(o) = δ(ho), and the proof is complete.
